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Abstract—In this paper, we consider a modified Morris-
Lecar model by incorporating the sodium inward current. We
investigate in detail the influence of sodium current conductance
and potassium current conductance on the dynamical behaviour
of the modified model. Variation of sodium current conductance
changes the dynamics qualitatively. We perform a numerical
bifurcation analysis of the model with sodium and potassium
current conductances as bifurcation parameters. The bifurcation
of solutions with sodium current conductance produces complex
bifurcation structure that is not present in the existing results of
original Morris-Lecar model.
Index Terms—Excitable cells, ion conductance, Morris-Lecar
model, period-doubling bifurcation
I. INTRODUCTION
The study of electrical activities in excitable cells (such as
neurons, muscle cells hormones) has improved our understand-
ing of electrophysiological processes in cell membranes. The
temporal variation of cell membrane potential due to external
stimulation is known as an action potential. It arises as a
result of ion fluxes through various ion channels in the cell
membrane. The action potential is significant in physiological
processes such as information transfer in neurons [1], muscle
contraction [2], secretion of hormones [3]. Intensive physio-
logical experiments have been carried out in investigating the
underlying mechanisms of interactions between ion channels
and action potentials.
From the viewpoint of mathematics, numerous mathemati-
cal models have been developed to study the nonlinear dynam-
ics involved in the generation of an action potential in the cell
membrane. The most famous of them is the Hodgkin-Huxley
model [4]. The model describes the conduction of electrical
impulses along a squid giant axon. Other well-known models
are the FitzHugh-Nagumo model [5], [6], the Morris-Lecar
(ML) model [7], and the Chay model [8].
The ML model describes the electrical activities of a giant
barnacle muscle fibre membrane, despite being a model for
muscle cell it has been widely used in modelling electrical
activities in other excitable cells mostly in neuron models
[9] [10] [11] [12]. The two-dimensional ML model has been
extensively used in the literature despite it is an approximation
of the three-dimensional ML model. Despite little attention to
the three-dimensional model, it has been used in some work
recently. Gottschalk and Haney [13] study how the activity
of the ion channels are regulated by anaesthetics. The three-
dimensional ML model is used by Marreiros et al [14] for
modelling dynamics in neuronal populations using a statistical
approach. Recently, Gonza´lez-Miranda [15] investigated pace-
maker dynamics in the ML model using the three-dimensional
model. Gall and Zhou [16] considered four-dimensional ML
model by including the second inward sodium Na+ current.
Based on experimental observations, the ML model is for-
mulated on the assumption that the electrical activities in the
cell membrane depend largely on the effect of ion fluxes via
the voltage-gated calcium Ca2+ and voltage-gated potassium
K+ ion channels in the cell membrane. In recent years,
experimental and computational analyses have suggested that
sodium Na+ currents are relevant in depolarisation of action
potential in some muscle cells, for example in smooth muscle
cells of skeletal muscle arterioles [17] and therein references.
Motivated by the results of Ulaynova and Shirokov [17],
we investigate the influence of including sodium currents on
the dynamical behaviour of membrane potential using the
four-dimensional ML model introduced in [16]. In particular,
we study in detail a numerical bifurcation analysis of the
four-dimensional ML model. A lot of studies on numerical
bifurcation analyses have been carried out on ML model
[15], [18], [19], [20], [21] however, to our knowledge apart
from [16] there appears no work in the literature that has
considered the bifurcation analysis of the four-dimensional
ML model. In [16], the external current is considered as the
bifurcation parameter whereas in this present paper we focus
on the maximal conductances of ion currents as bifurcation
parameters. As a consequence, we show some additional
results that are not present in the existing results of the ML
model.
The results of this paper are presented as follows. In Sect. II,
we present the model and parameter values. The dynamics of
the model upon variation of model parameters and detailed
bifurcation analyses are carried out in Sect. III. Finally, the
conclusion is presented in Sect. IV.
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II. METHOD
The original Morris-Lecar (ML) model [7] consist of three
ionic currents, Gall and Zhou modified the ML model in
[16] by incorporating the inward Na+ current to obtain the
following 4-D system:
C
dV
dt
= Iext − IL − ICa − IK − INa, (1)
dm
dt
= λm(V)(m∞(V)−m), (2)
dn
dt
= λn(V)(n∞(V)− n), (3)
dw
dt
= λw(V)(w∞(V)− w), (4)
where C is the membrane capacitance, V is the membrane
potential and t is the time. The ionic currents in (1) are defined
as following
IL = gL(V − vL), ICa = gCam(V − vCa), (5)
IK = gKn(V − vK), INa = gNaw(V − vNa),
where gL, gCa, gK, and gNa are the maximum conductances
of the leak, calcium, potassium, and sodium channels. vL,
vCa, vK, and vNa are Nerst reversal potentials of the leak,
calcium, potassium, and sodium channels. Iext is the external
current. The voltage dependent gating variables m, n and w
correspond to the fraction of open calcium, potassium and
sodium channels. The fraction of open calcium, potassium and
sodium channels at steady state m∞, n∞ and w∞,
m∞(V) = 0.5
(
1 + tanh
(
V − v¯1
v¯2
))
n∞(V) = 0.5
(
1 + tanh
(
V − v¯3
v¯4
))
w∞(V) = 0.5
(
1 + tanh
(
V − v¯5
v¯6
))
and voltage-dependent rate constants λm(V), λn(V), and
λw(V) are
λm(V) = ψm cosh
(
V − v¯1
2v¯2
)
,
λn(V) = ψn cosh
(
V − v¯3
2v¯4
)
,
λw(V) = ψw cosh
(
V − v¯5
2v¯6
)
,
Unless otherwise stated, model parameters are as listed in [7]
and [16]: C = 1, Iext = 50, gL = 2, vL = 50, gCa = 4,
vCa = 100, gK = 8, vK = −70, gNa = 2, vNa = 55, v1 = −1,
v2 = 15, v3 = 10, v4 = 14.5, v5 = 5, v6 = 3, ψm = 1,
ψn = 0.0667, ψw = 0.033.
III. RESULTS AND DISCUSSION
A. Dynamical Changes with respect to Parameter Variation
To study the dynamical behaviour of (1)–(4), we investigate
the effects of sodium (Na+) current on the membrane potential
by varying its conductance gNa. The numerical simulations of
(1)–(4) for the membrane potential V upon varying gNa are
shown in Fig. 1. As shown in Fig. 1a, for low value of gNa, sin-
gle action potential is observed after which the system goes to
a steady state. The corresponding phase space with three state
variables: V, n and m is depicted in Fig. 1b. Upon increasing
gNa, high frequency periodic oscillations of action potentials
are observed in the system (cf. Fig. 1c). The closed curve
in Fig. 1d corresponds to the periodic oscillations. Further
increasing gNa, the system goes back to a steady state and the
phase space shows that the steady state is a stable focus (cf.
Figs. 1e and 1f). Similar behaviour are observed when gK and
Iext are considered as varying parameters (results not shown).
To gain insight on how these parameters influence system
dynamics we perform bifurcation analysis using XPPAUT, a
bifurcation analysis software, [22]. All figures are reproduced
in MATLAB. The labels and abbreviations for the bifurcation
points are given in Table I.
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Fig. 1: Numerical simulations of the membrane potential V
for (a) gNa = −20; (c) gNa = −10; (e) gNa = 1.8. Their
corresponding phase space are (b), (d) and (f), respectively.
TABLE I: Abbreviations and notations of bifurcation points
Bifurcation Abbreviation
Hopf bifurcation HB
Saddle-node bifurcation SN
Saddle-node bifurcation of cycles SNC
Homoclinic bifurcation HC
period-doubling bifurcation PD
B. Bifurcation analysis
In this section we investigate the dynamics of model (1)–(4)
through bifurcation analysiis. In Sect. III-B1 we studied the
influence of sodium current conductance gNa on dynamics of
the membrane potential, and the influence of potassium current
conductance is considered in Sect. III-B2.
1) Influence of gNa: Here, we investigate the influence of
Na+ current on action potentials through modulation of its
conductance gNa. A bifurcation diagram of the membrane
potential V upon varying gNa is shown in Fig. 2. At very
low or very high values of gNa the system has a unique stable
equilibrium point. As seen in Fig. 2a, the system loses stability
through a subcritical Hopf bifurcation HB1 at gNa ≈ −13.305
and regain stability at another subcritical Hopf bifurcation
HB2 at gNa ≈ 0.694. The model exhibits Type II excitabil-
ity since the periodic oscillations emanate through a Hopf
bifurcation [21]. Between the two Hopf bifurcation points,
the system has a unique unstable equilibrium point and there
exist unstable and stable limit cycles. The unstable limit cycle
generated at the first HB1 point gain stability through a saddle-
node bifurcation of cycle SNC1, and loses stability at a period-
doubling PD1 bifurcation. At PD1 point, the limit cycle
bifurcates into stable double-period and unstable limit cycles.
The unstable limit cycle branch regains stability through a
second SNC2, again loses stability through a third SNC3
before the limit cycle ends at HB2 point. The stable double-
period limit cycle branch emanated at the PD1 loses and regain
stability through further SNC bifurcations before converging to
the first unstable limit cycle branch. Continuation of the PD1
bifurcation results in cascade of PD bifurcations of limit cycles
as shown in Fig. 2b. The projections of the periodic trajectories
for Period-1, 2, 4, 8, 16 and 32 onto (V,n,m) phase space are
illustrated in Fig. 3. All the double-period stable limit cycles
generated at each PD point undergo series of SNC bifurcations
before converging to the limit cycle emanated from the first
HB1 bifurcation. The cascade of PD bifurcations of limit
cycles may lead to chaotic dynamics in the system [23], [24].
2) Influence of gK: Now we investigate the influence of
K+ current on action potentials by varying its conductance
gK. Fig. 4a shows the bifurcation diagram of the membrane
potential V as gK is varied. For each value of gK, there exists
a unique equilibrium point. For low values and high values of
gK, the equilibrium point is stable. As we increases gK, the
system loses stability through a subcritical Hopf bifurcation
HB1 at gK ≈ 10.029 and this led to emergence of unstable
limit cycle which becomes stable through a saddle node
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Fig. 2: A bifurcation diagram of the membrane potential V
with gNa as bifurcation parameter. Thin [thick] solid curves
correspond to equilibria [periodic oscillations]. continuous
[dashed] curves correspond to stable [unstable] solutions.
bifurcation of cycles SNC1 at gK ≈ 9.345. As gK increases
further, the stable limit cycle changes stability in another
saddle node bifurcation of cycles SNC2 at gK ≈ 46.598
become unstable, and the unstable limit cycle ends in another
subcritical Hopf bifurcation HB2 at gK ≈ 42.583. Between the
two subcritical Hopf bifurcations, there exists a unique unsta-
ble equilibrium point. Also, for 9.345 ≤ gK ≤ 10.029 and
42.583 ≤ gK ≤ 46.598 system is bistable. For these values of
gK, a stable limit cycle coexist with a stable equilibrium point.
Fig. 4b shows the frequency of oscillations against gK. The
onset of oscillation is at a nonzero frequency, this is typical
of oscillations that occur through a Hopf bifurcation and this
type of behaviour is classified as Type II excitability by [25].
IV. CONCLUSION
We have considered a modified ML model to explore the
influence of second inward sodium current on the dynamics of
membrane potential. Our results showed that upon increasing
the sodium current conductance gNa, the model move from
a steady state to an oscillatory domain and further increasing
gNa it returned to a steady state. Similar results was obtained
when gK and Iext are varied.
The motivation of this work was to investigate the effect
of conductances of ion currents on change in the membrane
potential of the modified ML model. We showed how variation
of sodium current conductance gNa and potassium current
conductance gK affect the dynamics of the membrane potential
via bifurcation analysis.
We revealed the modified ML model exhibits Type II
excitability as we varied either gNa or gK, We found that upon
variation of sodium current conductance gNa, the modified
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Fig. 3: Phase-space of (1)–(4) showing the cascade of period-
doubling bifurcations. (a) Period-1 (b) Period-2 (c) Period-4
(d) Period-8 (e) Period-16 (f) Period-32, respectively.
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Fig. 4: (a) A bifurcation diagram of the membrane potential V
with gK as a bifurcation parameter (b) A plot of frequency as a
function gK.Thin [thick] solid curves correspond to equilibria
[periodic oscillations]. continuous [dashed] curves correspond
to stable [unstable] solutions.
model exhibits period-doubling PD bifurcation which is not
present in existing results of the two-dimensional and three-
dimensional ML model. The existence of PD bifurcations is
an indicator that the modified ML model can exhibit chaotic
behaviour in some parameter regime.
The results in this paper may explain further the experi-
mental results of the impacts of sodium current on membrane
depolarisation process. Moreso, our results could be useful in
understanding diseases associated with ion channel conduc-
tance and in therapeutics.
Although Gall and Zhou in [16] considered the bifurcation
analysis of the modified ML model with Iext as a bifurcation
parameter, the bifurcation diagram is incomplete, thus in future
work, we will consider the influence Iext on the dynamical
behaviour of the modified ML model, and give a detailed
bifurcation structure as Iext varies. Also, we will consider
two-parameter bifurcation analysis to explore the complex
behaviours observed in the modified ML model.
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